Recently a new class of scalarized black holes in Einstein-Gauss-Bonnet (EGB) theories was discovered. What is special for these black hole solutions is that the scalarization is not due to the presence of matter, but it is induced by the curvature of spacetime itself. Moreover, more than one branch of scalarized solutions can bifurcate from the Schwarzschild branch, and these scalarized branches are characterized by the number of nodes of the scalar field. The next step is to consider the linear stability of these solutions, which is particularly important due to the fact that the Schwarzschild black holes lose stability at the first point of bifurcation. Therefore we here study in detail the radial perturbations of the scalarized EGB black holes. The results show that all branches with a nontrivial scalar field with one or more nodes are unstable. The stability of the solutions on the fundamental branch, whose scalar field has no radial nodes, depends on the particular choice of the coupling function between the scalar field and the Gauss-Bonnet invariant. We consider two particular cases based on the previous studies of the background solutions. If this coupling has the form used in [1] the fundamental branch of solutions is stable, except for very small masses. In the case of a coupling function quadratic in the scalar field [2], though, the whole fundamental branch is unstable.
Introduction
Very recently new black holes with a nontrivial scalar field have been constructed in the extended scalar-tensor-Gauss-Bonnet (ESTGB) theories [1, 2, 3, 4] . What is interesting in these results is the presence of non-uniqueness of the solutions -in addition to the pure general relativistic solution, that exists in the whole domain of the parameter space, for a certain range of parameters new branches of solutions with a nontrivial scalar field are present. These branches can be characterized by the number of nodes of the scalar field. In fact, besides the fundamental branch which possesses no nodes of the scalar field, there arises a whole sequence of radially excited branches 1 . Moreover, the Schwarzschild solution loses stability at the point, where the first nontrivial branch bifurcates from it. Then the fundamental branch of scalarized black holes could represent the stable one. This would represent a direct analogy with the spontaneous scalarization of neutron stars in the standard scalar-tensor theories considered in [8] , and also with the scalarized black holes in scalartensor theories in the presence of nonlinear matter sources [6, 7, 9, 10] . The main difference with respect to those results, though, is that in the ESTGB case the scalar field is not sourced by matter, but instead by the curvature of spacetime through the Gauss-Bonnet scalar. In fact such spontaneous scalarization in ESTGB theories is observed also for neutron stars [11, 2] .
The ESTGB theories are very interesting on their own because of the following reasons. Their theoretical motivation comes from attempts to quantize gravity and the fact that pure general relativity is not a renormalizable theory. A way to cure this problem is to supplement the Einstein-Hilbert action with all possible algebraic curvature invariants of second order [12] . A serious problem that appears, though, is that the resulting field equations are of order higher than two, which leads to Ostrogradski instability and to the appearance of ghosts. However, this can be avoided in the special case when the additional dynamical scalar field is non-minimally coupled to a special combination of the second order invariants, namely the Gauss-Bonnet invariant, since the resulting field equations in this case are of second order [13] . These are exactly the ESTGB theories.
One of the most studied class of ESTGB theories are the dilatonic EGB theories, where the coupling function between the scalar field and the Gauss-Bonnet invariant has the form αe 2γϕ , where α and γ are arbitrary constants, and the scalar field potential is set to zero. Black holes in dilatonic EGB theories have been extensively studied, both in the perturbative and non-perturbative regime and also including rapid rotation [14] - [24] . In contrast with the dilatonic EGB theories, the considered class of ESTGB theories in [1, 2, 3, 4] is characterized by a coupling function that can lead to non-uniqueness of the solutions and scalarization/descalarization.
Stability of black holes in dilatonic EGB theories was examined in [25, 26, 18, 27, 28, 29] and it was shown that the primary branch of black holes is stable, while the secondary branch, that appears for sufficiently strong dilaton coupling, is unstable. The linear stability of the scalarized black holes obtained in [1, 2, 3, 4] has not been studied yet. It was already proved, though, in [1, 2, 30] that the Schwarzschild solution loses stability at the point of bifurcation, where the first nontrivial branch of solutions appears. Examining the stability of the nontrivial branches of solutions is much more involved and represents the goal of the present paper. Based on thermodynamical analysis, it has been argued in [1] that, for the particular coupling function considered there, the fundamental ESTGB black hole branch should be the stable one, whereas all radially excited branches should be unstable. Of course in order to check this hypothesis more rigorously, one has to examine the linear stability of the branches of scalarized black holes, as done below.
In Section II the field equations used to obtain the background solutions are presented. The radial perturbations are examined in Section III, while the lengthy formulae are given in a separate Appendix. The results for the stability of the scalarized black holes are presented in Section IV. The paper ends with Conclusions.
Field equations
The action of ESTGB theories in vacuum, in its general form, can be written as
where R is the Ricci scalar with respect to the spacetime metric g µν , ϕ is the scalar field, V (ϕ) and f (ϕ) are the potential and the coupling function that depend on ϕ only, λ is the Gauss-Bonnet coupling constant that has dimension of length. The Gauss-Bonnet invariant R 2 GB is defined as R 2 GB = R 2 − 4R µν R µν + R µναβ R µναβ where R is the Ricci scalar, R µν is the Ricci tensor and R µναβ is the Riemann tensor.
We will consider static and spherically symmetric spacetimes as well as static and spherically symmetric scalar field configurations. In addition, we will concentrate on the case of zero scalar field potential V (ϕ) = 0. Thus, the spacetime metric can be written in the following form
After varying the action and performing a dimensional reduction of the resulting field equations one can obtain the following system of ordinary differential equations (more details can
where
Furthermore, we assume zero cosmological value of the scalar field ϕ| r→∞ ≡ ϕ ∞ = 0, and the coupling function f (ϕ) is chosen such that it satisfies the conditions df dϕ (0) = 0 and
Without loss of generality we can set b = 1, which can be achieved after rescaling of the coupling parameter λ → bλ and redefinition of the function f → b −2 f . Another observation one can make is that the field equations do not depend on f (ϕ) itself, but only on its derivative with respect to ϕ which leaves the freedom to choose f (0) = 0.
After performing an expansion of the reduced field equations at the horizon and requiring regularity of the metric functions and the scalar field, one finds [1] that black hole solutions with a real scalar field exist only when the following condition is fulfilled
where r H is the radius of the black hole horizon and ϕ H is the value of the scalar field at the horizon. The boundary conditions are derived by the requirement for asymptotic flatness
On the other hand, the very existence of a black hole horizon requires
In the present paper we will concentrate mainly on the following coupling function
since it was shown in [1] that it can produce non-negligible deviations from pure GR. In addition, eq. (11) is quite similar to the coupling function employed in the studies of spontaneous scalarization of neutron stars [8] .
In the last part of the paper we will also present results for the case of the quadratic potential previously considered in [2] 
It is worth noting that in the case of small scalar field, the coupling (12) is the leading term of the coupling (11), f (ϕ) = 1 12
, and both couplings will share many features in the small ϕ domain.
3 Radial Perturbations
Ansatz and equations
We consider time dependent radial perturbations over the spherically symmetric and static background black holes obtained after solving the reduced system of equations (3)-(6)
with ǫ being the control parameter of the perturbations. The field equations result in three second order differential equations and two algebraic constraints on the first derivatives [26] . However, the system can be simplified into a single second order differential equation
where the functions U(r), g(r) and C 1 (r) depend only on the background metric and scalar field. Their expressions are given in the appendix A. In order to study the mode stability of the background configuration, we decompose the perturbation function ϕ 1 as
and we obtain the master equation for the eigenvalue problem, namely
The master equation (16) can be cast into the standard Schrödinger form by defining the function Z(r):
where C 0 (r) is the solution of the following differential equation
Thus we obtain
where we have defined the tortoise coordinate R and the effective potential as
Since we are interested in the stability analysis of the background solutions, we will focus on perturbations with purely imaginary eigenfrequencies: ω = iω I .
Boundary conditions and numerical method
We want the perturbation to be outgoing at infinity and ingoing at the horizon:
These boundary conditions simplify a lot for unstable modes possessing ω I < 0, and it is straightforward to show that Z| r=∞ = Z| r=r H = 0 (see e.g. [7] ). In order to obtain the unstable modes, we implement the following numerical procedure. The first step is to generate a background solution for a set of fixed values for r H , λ and the number of nodes of the scalar field. We make use of Colsys [31] in order to integrate the equations. Typically the background solutions have a relative precision of 10 −10 with around 1000 points on a grid in the compactified coordinate x = 1 − r H /r. With these solutions we calculate numerically the coefficients of eq. (16), which is the equation we solve, since it is slightly simpler than eq. (19) .
Once the coefficients are calculated, we follow a scheme similar to the one described in [32] to obtain the bifurcation points. We define the quantity ω 2 ≡ E, and promote it to an auxiliary function E(r). This function satisfies a trivial differential equation, dE dr = 0, which is added to eq. (16) to form a system of differential equations. The three boundary conditions that we impose on this system are ϕ 1 | r=r H = 0, ϕ 1 | r=r 0 = 1 and ϕ 1 | r=∞ = 0, where r H < r 0 < ∞. The procedure is automatized, allowing us to rapidly calculate the eigenfrequency for several thousands of solutions in the parameter space. 
Stability analysis
Using the procedure described above we calculate the potential and the unstable modes of the Schwarzschild branch as well as the first few branches of scalarized black holes for the two coupling functions (11) and (12).
Exponential coupling function
In the following we will focus on the exponential coupling function (11), employed in [1] , discussing first the nonperturbative background solutions and subsequently the unstable modes.
Background solutions
The domain of existence of these black holes is summarized in Fig. 1 , where we show the space of solutions in the (r H , ϕ H ) plane for λ = 1 2 . The yellow area represents the region where condition (8) is not fulfilled, with the red line representing the saturation of this inequality (i.e., the singular limit). The area in cyan is filled by solutions that in general do not satisfy the condition ϕ ∞ = 0. This condition is only satisfied for the solutions shown with black curves. Thus the ϕ ∞ = 0 solutions form a system of branches bifurcating from the Schwarzschild solution (shown by the vertical line in Fig. 1 ). In the following we will only consider these branches of ϕ ∞ = 0 solutions.
Each branch of scalarized black holes can be characterized by the number of nodes of the scalar field as it extends along the radial coordinate. The fundamental branch possesses The radially excited branches exist only in very small intervals of M/λ since the condition (8) is quickly violated. All these branches have the same structure, as seen in Figure 2 . The n ≥ 1 branches bifurcate from the Schwarzschild branch at certain values of M/λ, which decrease with increasing node number. Along these scalarized branches, the scalar charge increases with increasing M. The branches then end at some critical value of M/λ, where the scalarized solution becomes singular [1] . The branches rapidly decrease in size as the node number increases. Figure 2 also indicates the radial stability of each branch, discussed in detail below. Solid curves correspond to radially unstable solutions (i.e., on solid curves the solutions possess at least one unstable radial mode). The dotted curves correspond to solutions that are radially stable (i.e., the effective potential is everywhere positive). The dashed curves correspond to solutions that do not seem to possess unstable modes although the potential is not strictly positive. 
Unstable Schwarzschild modes
Let us now turn to a detailed discussion of the radial stability of the Schwarzschild branch and the scalarized branches, starting with a summary of our findings as exhibited in Fig. 3 . Here we exhibit the value of ω I multiplied by M 2 /λ vs the (scaled) mass M/λ for all considered branches of solutions. In red we show the modes of the Schwarzschild solution, and with various other colours the modes corresponding to the scalarized branches. The right panel of Fig. 3 shows a zoom focusing on the region, where the n = 1...5 scalarized branches reside. Fig. 3 shows that the branch of Schwarzschild solutions possesses sets of unstable modes, indicated by the red curves. All these modes behave like (M 2 /λ) −1 when M/λ → 0 (see the scaling). The first set of unstable modes extends from M/λ = 0 up to M/λ = 0.587. This set of modes corresponds to the instability previously investigated in [1] by analyzing the potential. At M/λ = 0.587 the curve reaches a zero mode (i.e., ω I = 0), which appears because at that point there is the bifurcation point of the fundamental branch. This set of unstable modes exists in the same range of parameters as the fundamental branch, which coexists with the Schwarzschild solution in this region of the parameter space (see Fig. 2 (left), the orange curve).
Consequently the Schwarzschild black hole in this theory is unstable under radial perturbations in the full intervall where the fundamental branch of scalarized black holes exists. Moreover, the black hole solutions are not unique in this interval. Nevertheless, as soon as the fundamental branch ceases to exist (i.e., for M/λ > 0.587), the instability of the Schwarzschild solutions disappears. The potential, however, is only strictly positive for M/λ > 3/4. Hence in Fig. 2 (left) a solid red line indicates the unstable Schwarzschild solutions in the interval 0 < M/λ < 0.587, a dashed line indicates the solutions between 0.587 < M/λ < 3/4, and a dotted line marks the stable Schwarzschild solutions for 0.587 < M/λ.
Clearly, this is not the only set of unstable modes that the Schwarzschild solution possesses. In Fig. 3 we see additional sets of unstable modes extending from M/λ = 0 up to certain values of M/λ, where further zero modes are reached. Again, these zero modes appear precisely at the bifurcation points of the scalarized branches, but now with node number n > 0 (shown by the short blue to black curves in Fig. 2 ). We note, that the different sets of unstable modes of the Schwarzschild solutions can be characterized by the number of nodes of the perturbation function ϕ 1 : the set of unstable Schwarzschild modes connected to the zero mode associated with the emergence of the n-th scalarized branch always possesses n nodes in the function ϕ 1 .
To summarize the above analysis, we conclude that the number of unstable modes of the Schwarzschild solution depends on the value of M/λ: if the Schwarzschild solution resides in between bifurcation points of the n-th and the (n + 1)-th branch of scalarized solutions, then it has n + 1 unstable modes.
Unstable n > 0 modes
Let us next address the unstable modes of the n > 0 branches before discussing the stability of the fundamental branch. In Fig. 3 these unstable modes are marked in blue, green, pink, brown and black for the branches with n = 1, 2, 3, 4 and 5, respectively. We see that these scalarized black holes also possess several sets of radially unstable modes. One of these sets is always related to the respective zero mode of the Schwarzschild solution at the bifurcation point. For instance, in Fig. 3 we see that at each zero mode (for n ≥ 1), a set of unstable modes of the corresponding n-th branch appears and extends up to the maximum value of M/λ, where the background solutions become singular.
The additional sets of unstable modes are not directly connected to the zero modes. However, since the n-th excited branch bifurcates from the Schwarzschild solution, its unstable modes bifurcate from the unstable modes of the Schwarzschild solution as well as from the zero mode. This occurs at the bifurcation point as dictated by continuity (although for zero modes there could also arise a mode that is not purely imaginary). Therefore the n excited branch should have a total of n + 1 unstable modes, as indeed seen in Fig. 3 . In Fig. 4 (left) we focus on the subset of unstable modes that bifurcate from the set of unstable Schwarzschild modes connecting with the zero mode of the fundamental branch, while in Fig. 4 (right) we zoom in on these unstable modes of the n = 1 branch. The behaviour is analogous for the sets of unstable modes bifurcating from the other branches of unstable Schwarzschild modes. We also note, that each set of unstable modes can be characterized by the nodes in the ϕ 1 function, possessing the same number of nodes as the modes of the corresponding Schwarzschild family they are connected with.
Let us again summarize the above analysis and conclude that the n-th excited branch of scalarized black holes (where n > 0) possesses n + 1 distinct unstable modes. This conclusion is supported further by an inspection of the potential for the excited branches. In Fig. 5 (left) we show the potential V vs the function of the radial coordinate 1 − r H r for black holes of the n = 1, 2 and 3 branches. Here we clearly see that the potential is dominantly negative. In fact, the integral of the potential is negative
in accordance with the existence of the unstable modes. Hence in Fig. 2 (left) , the n > 1 branches are shown by solid lines, since they are always radially unstable.
Stability analysis of the fundamental branch
Let us now turn to the analysis of the radial stability of the fundamental branch of scalarized black holes. In Fig. 5 (right) we show the potential V vs the function of the radial coordinate 1− r H r for several black holes along this branch (with λ = 1 and different values of r H ). What we observe is that the potential is always positive for solutions in the range 0.285 M/λ 0.542. Hence we conclude that no unstable modes exist on the fundamental branch for black holes as long as the solution belongs to this region. In Fig. 2 (left) this region of the fundamental branch (orange) is marked with a dotted line.
For black holes on the fundamental branch in the interval 0.542 M/λ 0.587 the potential becomes slightly negative in a region close to the horizon, while for black holes with 0.171 M/λ 0.288 the potential becomes slightly negative in some intermediate region of r, as seen, for instance, in Fig. 5 (left) for the potentials corresponding to λ = 1, r H = 1.16 (in red) and r H = 0.3 (in purple). However for both intervals the integral of the potential is always positive, meaning that
Although this does not exclude the possibility of unstable modes, we have not been able to generate any solution to the perturbation equation (16) describing an unstable mode and satisfying the boundary and regularity conditions. We interpret this as a strong indication that solutions along this branch are mode stable as long as M/λ 0.171. In Fig. 2 (left) the two intervals of the fundamental branch are marked with a dashed line, where stability can thus not be decided with certainty.
The black holes on the fundamental branch in the interval 0 < M/λ 0.171 need a more involved investigation. Let us first consider the problem on the level of the Schrödinger equation (19) . For the interval under consideration the tortoise coordinate becomes illdefined. In order to show this, we plot in Fig. 6 becomes negative in the range r H ≤ r ≤ r * where g(r * ) = 0. As a consequence, the potential becomes singular for M/λ 0.171.
The more fundamental reason for this strange behavior is that for M/λ 0.171 equation (14) is not hyperbolic for r H ≤ r ≤ r * . This is an interesting and highly nontrivial phenomenon and we leave its investigation to future work. What is immediately clear from this fact is that the study of the linear stability as a Cauchy problem is ill-posed. Nevertheless, we can formally study the stability on the level of the eigenvalue problem. It is possible to analyze the mode stability by using the standard coordinate r and integrating eq. (16) . Then it is possible to find that indeed, black holes of the fundamental branch with M/λ 0.171 possess an unstable mode. In Fig. 3 , this unstable mode is shown in orange. The mode extends from M/λ = 0 up to M/λ ≈ 0.171, where the mode diverges. (This limit is marked by a vertical dashed line in orange in Fig. 3 (left) .) Interestingly, this unstable mode does not bifurcate from any Schwarzschild mode (although in the Figure it crosses the sets of unstable Schwarzschild modes for small values of M/λ, it is not connected with them). The perturbation function ϕ 1 of this family of modes always presents zero nodes.
Marking consequently this part of the fundamental branch extending from M/λ = 0 to M/λ = 0.171 with a solid orange line in Fig. 2 we note, that black holes belonging to the fundamental branch are not always radially stable, i.e., for arbitrary values of M/λ (despite them having always the larger value of the entropy, as it shown in [1] ), and even worse, for small enough black holes (as compared to the coupling parameter) the theory is not hyperbolic. Stability is only found for sufficiently large values of M/λ.
We remark that the structure found is to some extent reminiscent (although much more complicated) to the radial instability observed in the dilatonic EGB black holes in [26, 29] . This theory corresponds to f (ϕ) = e 2γϕ and λ 2 = α 4
(following the conventions of [28, 29] ). For certain values of the coupling constant γ, one secondary branch of solutions is present in a small region of the parameter space, in addition to the main branch of dilatonic black holes, resulting in non-uniqueness of the solutions. The secondary branch appears close to the minimum value of the black hole mass allowed by the theory, and it was found to be radially unstable [26, 29] . It is also interesting to note that in dilatonic EGB black holes the existence of a minimum mass is caused by the existence of a limiting value of the normalized coupling constant (i.e., the maximum value of ζ = α/M 2 [29] , when condition (8) is no longer satisfied). No regular black hole solutions can be found for smaller values of this mass. This is different from the scalarized EGB black holes on the fundamental branch considered here, which exist for arbitrarily small values of the mass. However, this branch also possesses an effective minimum mass (M/λ ≈ 0.171), below which the theory is no longer hyperbolic (i.e., where no longer stable configurations can be found).
Quadratic coupling function
Finally we turn to the case of the quadratic coupling (12) . In Fig. 7 (left) we show the domain of existence r H vs ϕ H . As expected, we find that the space of solutions is very similar to the one of the previous coupling in the small ϕ H and r H region (compare Fig. 1 ). In particular, since the quadratic coupling (12) is obtained in the small ϕ limit of the exponential coupling (11), the bifurcation points of the Schwarzschild solution coincide. Even more, the structure of the zero modes and sets of instabilities of the Schwarzschild solution is exactly the same for both couplings. This is seen in Fig. 7 (right) , where we show D/λ vs M/λ for solutions with the quadratic coupling.
The most important difference appears for the fundamental branch n = 0, which in this case extends from the bifurcation point M/λ = 0.587 to larger values of M/λ and reaches the singular limit at a finite value of ϕ. This gives the n = 0 branch a similar structure to the excited n > 0 branches. In fact, the fundamental branch turns out to be unstable like 
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Figure 8: The scaled eigenfrequencies ω I vs the scaled mass M/λ focused on the n = 0, 1 branches for the quadratic coupling (12) . For comparison, we include the unstable modes of the n = 1 branch of the exponential coupling (11) with a cyan curve.
the excited branches. In Fig. 8 we exhibit the scaled unstable modes ω I vs M/λ focusing on the n = 0, 1 branches for the quadratic coupling. Again in red we show the first two sets of unstable Schwarzschild modes that connect with the n = 0 and n = 1 zero modes. In the present case at the zero mode of the n = 0 branch, a new set of unstable modes appears and remains present on the whole fundamental branch (shown by the orange curve). The branch and with it its set of unstable modes end when the singular configuration is reached. The n = 1 modes are also shown (in blue). Moreover, for comparison the respective unstable modes corresponding to the exponential coupling (11) are shown (in cyan). Hence in this case, all the scalarized branches are unstable, and the n-th branch possesses n + 1 unstable modes, including the fundamental branch, n = 0. This means there are no stable configurations below the first branching point at M/λ = 0.587. As a matter of fact this conclusion coincides with the thermodynamical results -after performing a calculation of the black hole entropy similar to [1] but for the particular coupling function (12) , it turns out that all of the branches with a nontrivial scalar field, including the fundamental one, have lower entropy than the Schwarzschild solution and therefore they are thermodynamically less stable.
Conclusions
In the present paper we have studied the stability with respect to radial perturbations of scalarized black holes in EGB theories. The two particular cases of the coupling functions between the scalar field and the Gauss-Bonnet invariant considered have been motivated by the previous studies of black holes with a nontrivial scalar field. The first one is the case of f (ϕ) = 1 12 1 − e −6ϕ 2 considered in [1] which leads to a well manifested fundamental branch (i.e., the branch characterized by a scalar field which has no nodes) that deviates significantly from the Schwarzschild black holes. Second, the coupling function f (ϕ) = 1 2 ϕ 2 , considered in [2] , has been examined.
It was previously shown [1, 2] that the Schwarzschild solution is stable only up to the first point of bifurcation where the fundamental branch appears. Therefore a natural question to ask has been whether another solution with a nontrivial scalar field is stable for masses smaller than the critical mass of the bifurcation. The results from the linear stability analysis performed show that all solutions characterized by a scalar field with n > 0 nodes possess n + 1 unstable modes. Thus all radially excited branches of solutions are radially unstable.
The picture is more complicated for the fundamental branch. In the case of the coupling function f (ϕ) = 1 12 1 − e −6ϕ 2 , the scalarized solutions are stable from the bifurcation point until some small critical mass M * , where they formally lose stability as well. The presence of this instability is formally different in nature from the instability of the other scalarized branches -the unstable modes are not connected with any zero mode of the Schwarzschild solution and are due most probably to the fact that for small masses the tortoise coordinate is ill defined and leads to singularities of the potential of the perturbations equations. In fact the situation is even worse because below the critical mass M * the theory loses its hyperbolicity, and the stability has only been investigated formally on the basis of a formal eigenvalue problem.
In constrast, in the case of the coupling function f (ϕ) = 1 2 ϕ 2 the whole fundamental branch, which in this case is short and terminates at some nonzero mass because of violation of condition (8), is unstable. This instability is a more "classical" one since it is connected with a zero mode of the Schwarzschild solution.
We should note that these conclusions are in agreement with the thermodynamical studies of the stability performed in [1] . More precisely, the entropy of all branches of solutions possessing a scalar field which has one or more nodes is smaller than the entropy of the Schwarzschild black holes. On the other hand, the results show that the fundamental branch for f (ϕ) = It is interesting to make a comparison of these solutions with the black holes in the dilatonic EGB theory, where the coupling function has the form f (ϕ) = e 2γϕ . In this case solutions can only exist if they are larger than a certain minimum value of the mass. For some values of the coupling constant γ, a secondary branch of black holes appears close to this limit. The solutions on this secondary branch were shown to be always radially unstable [26, 29] .
Thus, the stability and the existence of solutions is highly controlled by the coupling function. A general conclusion, though, is that for all of the considered cases there exists a threshold mass below which there are no stable black hole solutions (including the Schwarzschild one). As a matter of fact one might be able to cure this problem by a better choice of the coupling function (or even by varying the numerical constants in the coupling functions (11) or (12)). Answering this question and studying the loss of hyperbolicity for small black holes require, however, a much more thorough investigation that will be the subject of a future study. 
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A Additional equations
The functions that appear in the master equation (16) depend only on the background configurations. The function g that characterizes the tortoise coordinate can be written like
with the functions A and B:
The coefficient C 1 can be written like
with the functions C 2 and C 4 being:
Finally, the function U, related with the effective potential, can be written like
with
and 
